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A Adaptive step size

One key ingredient in ensuring the continuity of the local parame-
terization is requiring that the algorithm takes the same number of
steps at all query points. Take the case that x and x’ are two nearby
query points. Because we run Alg. 1 on x and x" independently, if
one uses N steps and the other uses N — 1 steps, that missing step
can introduce discontinuities in their uv-coordinates. Using a fixed
number of iterations with adaptive step size also helps evenly allo-
cate computation time for each core of the parallel computation.

To fully utilize every iteration of the N steps, we must pick the
step size T; of the gradient descent to maximize our chances of ob-
taining an almost-geodesic curve 7 that reaches the reference point
p. If the step size is too large, we can deviate from the level set M
if it is highly curved; if it is too small, we might not reach the seed
before the iterations run out. We set the time steps so that each iter-
ation moves by the Euclidean distance between the current location
and the goal ||x; — p||, divided by the remaining number of steps:

i) = il = s
[|xi — '

si o= [lxip1 —xil| = 7N—i”' ¢)) S T;

To infer the step size T; required for
the above equation, we take from
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T = si. (2)

This closed form is numerically unstable: on a nearly flat surface
o—0,504/1+ sl-z()c2 — 1 and the numerator subtracts two almost-
equal values, then divides by a vanishing o Multiplying numera-
tor and denominator by the conjugate /1 + siz(xz + 1 removes both
the subtraction and the division by o?, giving the equivalent but
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stable form we use in practice:
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When the surface is flat, Hy = 0 so o, = 0 and this reduces to T; = s;
directly. When the surface M is smooth, the fact that each query
point takes the same number of steps with position-dependent step
size makes the resulting log map depend continuously on the in-
put. When the surface is merely C !and not C? (differentiable but
not twice-differentiable), we found that re-projecting each x; using
Eq. 18 is enough in practice.

Ti=3Si

B Approximation of the geodesic distance to the Voronoi
frontier

In a purely Euclidean setting, one can evaluate the signed distance
from a query point x to the Voronoi frontier V; ; between two seeds
pi and p; by projecting the vector x — p; to the line connecting p;
and p;:

E pj—Dpi \lpj = pill
dwic(x):<x_pi’Hp;—p2||>_ B @

To replace the inner product structure with only length infor-
mation, we first replace (x — p;,p; — p;) with ||p — pill|lp; —
pil| cos(a) and use the cosine law,
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where Iy = d(x, p;),li = d(pj,pi),lo = d(x,p;j). Combining these
formulas gives:
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To get an approximation of the geodesic distance to the geodesic
Voronoi frontier, we replace all the Euclidean distances with the
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Figure 1: In ID, a circle cannot be parametrized by a straight line
without inversion (top left, top middle). This is why a cylinder can-
not be parametrized by a flat plane of texture (top right) without
texture inversion. We detect this inversion between seeds and sug-
gest a cut at their Voronoi frontier (bottom row).

geodesic ones:

dy(x,pi)? — dy (x. p;)?
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C Detecting topological obstruction

By definition, there exists no continuous and global mapping be-
tween geometries of different topologies. For example, we cannot
map a cylinder to a plane without cutting the cylinder first. This is
why placing three seeds on a cylinder and merging their uv-fields
would not yield a valid global mapping. A seam must exist between
at least two seeds. We want to detect such topological obstructions
when the user inputs the merging graph so we can alert them that
they are about to create an incoherent uv-field (See Fig. 1). Even
though we avoid global operations to ensure a real-time pipeline,
we can reliably detect uv defects caused by topology by checking
if the global uv (Eq. 37) has a negative Jacobian, i.e. det(J) < 0. It
turns out we only need to check for

<Logl,i(pj),uj—u,-> <0, (8)

for each blending edge E;; € E after computing the uv-offsets.

D Interpolation and diffusion of scalar and vector quantities

One can use our fast estimate of geodesics and parallel transport to
diffuse scalar or vector quantities. This can be used for painting /
designing textures, for example.

Diffusion

Diffusion of quantities {a;}Y  from N point sources {p;}Y | is
often solved with the heat equation:

{a,u(x,t):Au(x,t), t>0 ©

u(x,0) = g(x), t=0,

where the initial value is the Dirac-delta of the quantities to be
diffused,

N
gx) =Y aidp,(x). (10)
i=1

The usual way to solve this problem on a meshed surface is to
discretize the Laplacian A (e.g. using the cotan Laplacian) and then
perform a time integration. Of course, here we want to avoid mesh-
ing the surface and solving the global problem.

We can mimic the solution to the heat equation by exploiting
the geodesic distance between the source points and a query point
x € M. The fundamental solution to the heat equation is the heat
kernel,

! —|JdP?
K(x,t)=— . 11
1) = 2 exP( 4 (b
By linearity, the solution to Eq. 9 is then u(x,t) = Y; K(x — p;,t)a;.
We substitute || - || in the heat kernel with the geodesic distance and
approximate diffusion on a curved surface M by
N 2
1 7dM (X, pl)
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Interpolation

In a similar fashion, we can use kernel methods to interpolate val-
ues instead of diffusing them. For example, one can use a Gaussian
kernel,

Y exp (—dM(Lpi)ZG_])ai
ug(x) = N Cy—
Yo exp (—du(x,pi)*c—1)

to interpolate the data {a;}.
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Diffusion on tangent spaces

We can use Eq. 12 to diffuse R3-vectors, but the result wouldn’t
be a field of tangent vectors even if the inputs are (v; € Tp,M,i =
1,---,N). Therefore, one must use parallel transport to first bring
all the vectors v; € Tp,M to the tangent space TyM at the query
point x. We use the R matrices built by Alg. 1 for our point-wise
interpolator:

ngzl exp <—dM(x-, Pi)zc_ l> Rp;—x(vi)

Y exp (—du(x, pi)o1)
The result of this interpolator is displayed in Fig. 2.

ve(x) = (14)

E Approximating normals from displacement

When no normal map is precomputed, we can still avoid using finite
difference schemes on f;, to compute the normal of the displaced
SDF.

We start from the fact that the vector V f(x) can be represented
from any ortho-normal basis {e] (x), e} (x), e5(x)}:

V/(x) =Y D f(x)ei(x). (15)
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Figure 2: Tangent vector field interpolation on a metaball surface
by kernel methods using the approximated geodesic distance.

Similar to Sec. 5.2.1, we use the parallel-transported frame ¢] =
Rp,._>xe1,e/2 = Rp,—sxep from the nearest seed (p;,(er,e2);) and
the normal 3 = ny(x) for this ortho-normal basis. We know
Dy fu(x) = 1 because Eq. 56, and D,I1y = 0 and Dy f(x) = 1 as
f is an SDF. The true derivatives w.r.t. ¢} (x), &5 (x) need to consider
the change of the frame e/ (x), ¢} (x), but we ignore it by assuming
that the variations from the height map / dominates the derivatives.
We thus obtain, for § € f,~ 1(0) on the height-displaced surface and

x=II;(&) € f1(0),
V(&) = Vfiu(x) & V£(x) + €101 h(u(x)) + erdah(u(x)). (16)

We approximate the partial derivatives d 4,0,k using finite differ-
ence schemes on R2. Finally, we normalize V f}, to obtain the unit
normal vector.

It’s worth noting that while this approximation is acceptable for
visualization, it cannot provide reliable bounds for the Lipschitz
constant maxgcps ||V f,(§)|| of the displaced SDF f;. Computing
the exact Lipschitz bound would involve knowing the curvature
of the surface and parameterization distortion a priori. We cannot
derive these pieces of information from our point-wise and seed-
placement-dependent parameterization easily. However, we found
that using a multiple of the standard Lipschitz constant used for
height maps [Genevaux et al. 2015].

Ay = max /1 +||VhA(x)||?, a7
XER?

is usually enough in practice.
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